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Abstract

The concept of Nash equilibrium is well defined in the literature, however, an algorithm capable of computing this equilibrium in a satisfactory way has not yet been proposed. An example of the limitations arising from this inadequacy is the fact that current textbooks on the subject usually present games with only two players and two or three strategies. In this paper, an algorithm is built that allows one to quickly obtain all the Nash equilibria of a game with n players and m strategies, n and m being finite. The procedure is based on the concept of the best response function, transforming the original payoffs matrix (or, in the n>2 case, the hyper-matrix) into a new matrix where all the cells are made of 0’s and 1’s. Once that is done, one can identify a Nash equilibrium whenever one finds a matrix where all the cells are 1’s. A sub-product of the algorithm is the easy identification of the existence or non existence of dominant strategies for each player, thanks to the information contained in the transformed matrix. The algorithm was tested on a Pentium 133 MHz PC with 32 Mb of RAM using the Microsoft Excel 7.0 spreadsheet, and obtained the Nash equilibrium in pure strategies for games with more than two players and more than three strategies. 

1. Introduction


The present work aims to facilitate the identification and conceptual representation of the Nash equilibria in simultaneous, non-repetitive, games with n players and with any finite number of actions each (actions are the several moves that the player can make; a set of actions defines a strategy). The approach can be effortlessly implemented on a digital computer, requiring insignificant processing time.
 

The practical applications of the material shown here are both functional and educational, since the algorithm helps to locate the equilibria in large games (more than two players and more than three strategies) through the use of computer programs that are easy to implement and operate. Moreover, the procedure facilitates the understanding of the concept of Nash equilibrium and dominant strategies in games.

Section 2 describes the notation used in this work, and section 3 defines the best response function and it’s use in the identification of dominant strategies and the Nash equilibrium. Section 4 deals with the basic procedures for the implementation of the algorithm on a spreadsheet and, in the end, an example regarding two players with two strategies each is shown so as to illustrate the technique.

2. Notation


Because of the need to identify the players in each action, a particular kind of notation has to be introduced into the procedure, one that identifies the players and their payoffs regardless of the kind of simultaneous game involved. This notation might give the reader an impression of complexity, but the explanatory examples that follow will  show the actual simplicity of the process.

The notation is following:

i)  N = {1, 2, 3, . . .,  i, . . ., n} is the set that associates each player in the game to a natural number i.

ii)  ai = {1, 2, 3, . . .,  r, . . ., n} is the set that associates to each action of player i a natural number r.

iii)  Rk =  {r1, r2, r3, ..., rn} is the set of actions that, if undertaken by the players, leads them to the k point at the end of the game, that is, Rk is the identifier of a cell in the payoffs matrix.

iv)  R-ik =  {r1, r2, r3,..., ri-1, ri+1, ..., rn} is the set of given actions that, if undertaken by all players, except i, supposedly leads them to a point k(i) defined by player i.

v)  Ji  identifies player i.

vi)  Ji r  identifies player i when he or she takes action r.

vii)  J-i R  is the set of all players, except for i, each making his or her move. The actions here are assumed to be given.

viii)  ( (Ji r / J-i R) is the payoff of player i when he or she takes action ‘r’, given a fixed set of actions for the remaining players.

ix)  

 is the list of all payoffs for player i given the set Rki of fixed strategies of the remaining players.

Example: Given the game below



Player 2



Strategy 1
Strategy 2

Player 1
Strategy 1
( 2, 1 )
( 5,-1 )


Strategy 2
( 3, 0 )
( 4,-2 )

According to the notation that was introduced, the game components are:



J2



J21
J22

J1
J11
(( (J11 / J21), ( (J21 / J11))
(( (J11 / J22), ( (J22 / J11))


J12
(( (J12 / J21), ( (J21 / J12))
(( (J12 / J22), ( (J22 / J12))

N = 2

a1 = {1, 2}; 1 for Strategy 1 of player 1 and 2 for Strategy 2 of player 1

a2 = {1, 2}; 1 for Strategy 1 of player 2 and 2 for Strategy 2 of player 2

R1 ={11, 12} results in point (2,1) ; R2 ={11, 22} results in point (5,-1) 

R3 ={21, 12} results in point (3,0) ; R4 ={21, 22} results in point (4, -2)



 ; 




;


3. The Best Response Function


This function has the purpose of identifying the best responses of a player to each of given set of strategies for the remaining players. It is a transformation function that is applied on to the player’s payoffs so as to result in the point matrix, where the identification of the Nash equilibria and the dominant strategies is easily done.


The function to be applied on each of the payoffs of each player is:

F[( (Jir / J-iR)]  = 1   if ( (Jir / J-iR) = max {

}



  = 0   elsewhere 


Each number 1 identifies the best response of player i to the given set of strategies of the remaining players.

As it was told before, in spite of the apparent complexity of this function, it is easily applied to the payoffs of the game.

3.1 Nash Equilibrium


After using the best response function in the previously described fashion, a Nash equilibrium is identified through the direct statement of it’s definition, that is, when all the players are doing the best they can, given what all the remaining players are doing. Thus, in the transformed game for F, a Rk cell with all elements equal to 1 is a Nash equilibrium. Mathematically, a Nash equilibrium occurs when:

F[( (J1s / J-1S)] = F[( (J2r / J-2R)] = F[( (J3t / J-3T)] =.....= F[( (Jnz / J-nZ)] = 1
for a Rk point of the transformed game. That is to say, when a cell contain only 1’s, it identifies a set of strategies that is the best response possible for each of the players, given the strategies of the others. This is the classic definition of Nash.

Alternatively, the result can be written in the following way:



 F[( (Jis / J-iS)] = N.
This formula is the one applied on the spreadsheet.

3.2 Dominant Strategy


A dominant strategy is also identified by the statement of it’s own definition, i.e.,  when an action of player i is the best response in itself, no matter what are the actions of the other players. Thus, in the game transformed by F, a strategy r with all elements equal to 1 is a dominant strategy. Mathematically, a dominant strategy occurs when:

F[( (Jir / J-iR)] = 1 to all Rk-i  given.

Example


Let’s go back to the example shown in section 2. Applying function F to the payoffs, one has:

For player 1:

F[( (J11 / J21)]  = 0   because  ( (J11 / J21) =2 ( max {2,3}

F[( (J12 / J21)]  = 1   because ( (J12 / J21) =3 = max {2,3}

F[( (J11 / J22)]  = 1   because ( (J11 / J22) =5 = max {5,4}

F[( (J12 / J22)]  = 0   because ( (J12 / J21) =4 ( max {5,4}

For player 2:

F[( (J21 / J11)]  =  1   because ( (J21 / J11) =   1 = max {1,-1}

F[( (J22 / J11)]  =  0   because ( (J22 / J11) =  -1 ( max {1,-1}

F[( (J21 / J12)]  =  1   because ( (J21 / J12) =   0 = max {0,-2}

F[( (J22 / J12)]  =  0   because ( (J22 / J12) =  -2 ( max {0,-2}

The transformed game is:



J2



J21
J22

J1
J11
(F[( (J11 / J21)], F[( (J21 / J11)])
(F[( (J11 / J22)], F[( (J22 / J11)])


J12
(F[( (J12 / J21)], F[( (J21 / J12)])
(F[( (J12 / J22)], F[( (J22 / J12)])

which results in:



Player 2



Strategy 1
Strategy 2

Player 1
Strategy 1
( 0, 1 )
( 1, 0 )


Strategy 2
( 1, 1 )
( 0, 0 )

We can identify one Nash equilibrium and one dominant strategy. The Nash equilibrium occurs when player 1 plays strategy 2 and player 2 plays strategy 1, because here 
F[( (J12 / J21)] = F[( (J21 / J12)] = 1 and is identified by the table cell containing two 1’s. And strategy 1 is dominant for player 2, because F[( (J21 / J11)] = F[( (J21 / J12)] = 1 and is identified by the column of 1’s in the payoffs for strategy 1 of player 2.

4. Implementation on Computers


The implementation of the best response function is, without exaggeration, trivial. The software chosen was the Microsoft Excel 7.0 spreadsheet, due first to the fact that it is considered very easy to use by many people and, second, because it is very popular.


The first step is to define for the game the number of players and the maximum number of strategies for each player. This definition limits the implementation to the number of players previously defined, but the games can have a number of strategies below the maximum defined for each player. Thus, for instance, if you choose three players each with a maximum of ten strategies, you can’t identify, in this implementation, the Nash equilibrium and dominant strategies considering four players. But a game containing three players, player 1 having six strategies; player 2, eight; and player 3, two, can be solved with this application.


Next is the procedure for implementing games containing two and three players. The application to a greater number of players can be achieved by induction, careful planning, and plenty of patience.


Each subset of n cell in the implementation, being n the number of players, represents a cell of the games as in the classic textbooks. To facilitate the use of the definitions shown in section 4, is recommended the use of different colors for each subset. Naturally, the aesthetics of the design follows the taste of the reader, so we shall not dwell into such procedures.

4.1 Games of two players each with ‘m’ and ‘p’ strategies, respectively


Define the maximum number of strategies for each player, that is, define ‘m’ and ‘p’. After that, separate a mx2p
 matrix to enter the players’ payoffs. Each cell of the spreadsheet should contain the payoff of a player in order to facilitate calculations. Use the cells on the left for the payoffs of player 1, and those on the right for player 2 (it is possible to invert this order, as long as it is maintained throughout the rest of the matrix). Each two adjacent cells (in a line) is a cell of the classic textbook representation of a game. 


Separate, now, somewhere else, another mx2p matrix. This will be the point matrix, i.e., the matrix of the game transformed by the best response function. Edit every one of the cells of the point matrix writing on them a conditional function for the largest payoff  of each player, given the strategy of the other. For instance: “=IF(cell containing the payoff of player 1 given that player 2 is fixed on strategy i = MAXIMUM (all the cells containing the payoffs of player 1 given that player 2 is fixed on strategy i); 1; 0)”. Do that for each cell of the point matrix.


Enter a game of two players, each with d < m and c < p, respectively. Observe the point matrix and identify the Nash equilibria and the dominant strategies for each player using the definitions present in section 4.

4.2–Games with three players with ‘m’, ‘p’ and ‘q’ strategies, respectively


The process here is almost identical to the previous one, except for the number of cells to be separated into the payoffs entry and the point matrix.


Define the maximum number of strategies for each player, that is, define ‘m’, ‘p’ and ‘q’. Next, separate ‘q’ mx2p
 matrixes to be the entry of the players’ payoffs (each cell should contain the payoff of a player). Use the first cells for the payoff of player 1, the middle ones for player 2 and the last ones for player 3 (as before, it is possible to invert this order, as long as it is maintained throughout the rest of the matrix). Each of the three adjacent cells (in line) is a cell of the classic textbook representation of the game. 


Separate now, in another place, ‘q’ other mx2p matrixes. These will be the point matrixes, that is, the matrixes of the game transformed by the best response function. Edit each one of the cells writing on them a conditional function for the largest payoff for each player given each of the combinations of fixed strategies of the others. For instance: “=IF(cell containing the payoff of player 1 given that player 2 is fixed on strategy i and player 3 is fixed on strategy j = MAXIMUM (all the cells containing the payoffs of player 1 given that player 2 is fixed on strategy i and player 3 is fixed on strategy j); 1; 0)”. Do that for each cell of the point matrix.


Enter with a game of three players, each one with d ( m, c ( p and b ( q, respectively. Observe the point matrix and identify the Nash equilibria and the dominant strategies for each player using the definitions presented in section 4.

5. Conclusion


This study is a very recent and preliminary one, and there is reason to suspect that the Point Matrix (name given to the game that was transformed by the individual best response function) contains more information than what has been pointed out here. Thus, future developments in this line of research will, no doubt, tend to yield further results.
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* The approach has already been tested on a spreadsheet (Microsoft Excel 7.0) for games with two players with up to five strategies and for games with three players with up to four strategies (the restrictions on the number of strategies occurred only due to layout problems). On a Pentium 133 MHz PC with 32 Mb of RAM, the solution is computed almost instantaneously.


� Assuming that the payoffs of player one will be put on the lines and those of player 2 on the columns.


� Assuming that the payoffs of player one will be put on the lines, those of player 2 on the columns and those of player 3 on the matrixes. 
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