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IV. Which of the following is true about the system

given below?

X+ v+ =3
2v + 2v + 22 =6
3x+3v+3z=10

CHAPTER 6 / SYSTEMS OF LINEAR EQUATIONS AND MATRICES

a. It has the unique solution x =1, y =1, 7 =
.

b. It is inconsistent.

c. It has an infinite number of solutions.

In Problems 1-20 use Gauss-Jordan or Gaussian elimi-

nation to find all solutions, if any, to the given systems.
1.

10.

I1.
12.
13.

14.

15.

X1 — 2%, + 3x; =11
dey+ x— x3=4
2xy — x3 + 33 =10
~2x+ 1+ 6x;=18

S5x, + 8yy; = ~—16

3x; + 2x; — 10x; = =3
Jvp+ 61, — 63, =9
2x; — Sx,+ 4y, =6
—vy + 16x; — 14y, = —3

. oy + 6x;— 6x3=09

2y — Sx; + 4y, =6
Sx; + 28x, — 26x, = —8
X+ x;— xy=7
dv; — x; +5yv;=4
2xy + 2%, — 3x; =0
Hntxy,— xy3=7
dv, —x, + Sx; =4
Ov; + x, + 3x; = 18
Xy tx,— vy =7
4y, — xy + Sxy; =4
Ox;, + v5 + 3xy = 20
Xy — 2%, 4+ 3xvy = ()
dyvy + x; — vy =10
2¢vi — vy + 3¢, =0
Yyt — x3=0(0
dxy — 3+ Sy, =0
0y, + x, + 3y, =0
2.1‘2 + 5.1’3 =6
X —2v:. =4
2v; + 4x, = —2
Xy +20 — vy =4
v, +4x, — 240, =7
Xy + 2v, —4yvy; =4
—2xv;) —4x5 + 8y, = —8§
Xp+ 20 — 4y =4
—2x; — 4y, + 8vy = —9
YWwt2x— a3+ xy,=7
Jx; +6x; — 3y + 3xy = 21
2x; + 6x; —4xy + 2xy =4
X — X3+ gy =5
—3xy + 24, — 24, = =2

16. X1 — 2.1'2 + X3 + Xgq — 2

3x, + 2xy — 2xy = —8
dxy, — x3— x4=1
—x; + 6xy — 2, =7
7. ) —2x,+ x3+ xy=
3x, + 2x3 — 2x4 = —8
dx, — x3— x4 =1
Sx, + 3xv3 — xy = —3
18, vy —2x, 4+ x4+ oy, =
3, + 2xy — 2xy = —8
dxy — x3— xg =1
Sx, + 3xv;— vy =0
19. v+ x, =4 20, v, + v, =4
2x; — 3, =7 2¢; — 3x, =7
Jx; + 2x, = 8 v, — 24, = 11
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In the Leontief input-output model of Example 8
suppose that there are three industries. Suppose
further that ¢, = 10, e> = 15, ¢3 = 30, a,, = 4,
Ay =3, a4y = § Ay =4, an = §, axn =k, a3 =
15, @3> = }, and a3 = §. Find the output of each
industry such that supply exactly equals demand.
In Example 10 assume that there are 15,000
units of the tirst food, 10,000 units of the
second, and 35,000 units of the third supplied to
the lake each week. Assuming that all three
foods are consumed, what populations of the
three spectes can coexist in the lake? Is there a
unique solution”’

A traveler who just returned from Europe spent
$30 a day for housing in England, $20 a day in
France, and $20 a day in Spain. For food the
traveler spent $20 a day in England, $30 a day
in France, and $20 a day in Spain. The traveler
spent $10 a day in each country for incidental
expenses. The traveler’s records of the trip
indicate a total of $340 spent for housing, $320
tor food, and $140 for incidental expenses while
traveling 1n these countries. Calculate the number
of days the traveler spent in each of the '
countries or show that the records must be
Incorrect because the amounts spent are
Incompatible with each other.

An nvestor remarks to a stockbroker that all her
stock holdings are in three companies, Eastern
Airlines, Hilton Hotels, and McDonald’s, and
that 2 days ago the value ot her stocks went
down $350 but yesterday the value increased by
$600. The broker recalls that 2 days ago the
price of Eastern Airlines stock dropped by $1 a
share, Hilton Hotels dropped $1.50, but the price
of McDonald’s stock rose by $0.50. The broker
also remembers that yesterday the price of

40.

41.

42.

*43.
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Eastern Airlines stock rose $1.50, there was a
further drop of $0.50 a share 1n Hilton Hotels
stock, and McDonald’s stock rose $1. Show that
the broker does not have enough information to
calculate the number of shares the investor owns
of each company’s stock, but that when the
investor says that she owns 200 shares of
McDonald’s stock, the broker can calculate the
number of shares of Eastern Airlines and Hilton
Hotels.

An mtelhgence agent knows that 60 aircraft,
consisting of fighter planes and bombers, are
stationed at a certain secret airfield. The agent
wishes to determine how many of the 60 are
fighter planes and how many are bombers. There
Is a type of rocket carried by both sorts of
planes; the tighter carnies six of these rockets,
the bomber only two. The agent learns that 250
rockets are required to arm every plane at this
atrtield. Furthermore, the agent overhears a
remark that there are twice as many fighter
planes as bombers at the base (that 1s, the
number of fighter planes minus twice the number
of bombers equals zero). Calculate the number of
tighter planes and bombers at the airfield or
show that the agent’s information must be
incorrect, because 1t 1s 1inconsistent.

Consider the system

2, Xy + vy =
3.1'1 + Xy ™ 5.1'3 = b
=3¢, — Sx, + 2y = ¢

Show that the system 1s inconsistent if ¢ # 2a —
3b.
Consider the system

2.1‘, + 3.1'_] — 3 =
Al T A + 3.1'3 = [
v, + 7y — Sy =0
Find conditions on «a, b, and ¢ such that the
system s consistent.

Consider the general system of three linear
equations in three unknowns:

A RY + {yr\H + y3Xy3 = b|
{RTRY + ({r>.\H + (ry ¥y — bz

Iy + (RRRE + (I33.\y = b3

Find conditions on the coeffictents a;; such that
the system has a unique solution.



SELF-QUIZ
I. Which of the following systems must have II. For what value of k will the following system
nontrivial solutions? have nontrivial solutions?

d. a1.X + (y>X> — 0
(17X + (1272 X2 = 0
b. (11X + 12Xy = 2y + 3_\' + 4E = ()

az x) t axry; = 3x+4v+ kz =0
+ ) =
3ty 7 X a. | b. 2 c. 3
C. apxy) +apx taiag=0 d. 4 e. S f.
ay Xy t a)yx taz;vy = . . |

x+ v+ =0

In Problems 1-13 find all solutions to the homogeneous 6. 2x, + 3x;, — xy3=10
systems. 6x; — S5y, + 73 =0
l. 2%y — %, =0 7. 4x;,— x, =0
3xy +4x;=0 Tx, + 3, =0
2. x;—5x,=0 —8x; + 6x, =0
—x; +3x; =0 8. xvi— xy3+7xy—x;=0
J. xy+ x5~ x;=0 2x; + 3x; — Bxy + xy =0
2¢; —4x; + 3xy =0 9. x;,—2v;+ x4+ xy=0
g+ Ty - xa=90 3x, + 2xy — 2%, =0
4. v+ x;— x3=90 4x, — x3— xy4 =10
2x; —4x, + 34y =0 Sx, + 3x3— xy =10
—X; — I+ 6x3 =0 10. —2x, + Txy4 = ()
S. nt+t xs— x3=0 X, +2x; — xy3t+ 4y, =0
2x; — 4y, + 3x3 =0 3x, — X3+t 5y, =0
=35xy + 13x; — 10x; =0 4x, + 2x5 + 3x; = ()
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J;l. 2x, — x> =10 15. Consider the system
g‘r‘ T 2:3 _:_ 8 2%, — 3x>, + 53 =0
2t =0 . —x T =0
*2 X = 3x, =0 4y — llxy + kxy3 =0
v —2xt 6x =0 For what value of k will the system have
4x; — [2v, =0 nontrivial solutions?
i3~ xt - x;3=0 *¥16. Consider the 3 X 3 homogeneous system

4.:('] — .\ + 5.1'3 = ()

| 1Y + {1>X» + aAQyz\y — 0
—2x;+ x> — 2yv3 =0

3x + 2v5 — 61 = () (RIRY + (Ir2X» + (r3.Xy3 — ()
| T 20 X3 =
i4. Show that the homogeneous system ay Xy + dzpxy +azxy =0
o apxy + dapans =0 Find conditions on the coefficients «a,; such that

L the zero solution 1s the only solution.
Ay X, 1 d->>X> = ()

has an infinite number of solutions it and only 1f
y11r» — dyrdHy — ().

ANSWERS TO SELF-QUIZ
1, C II. ¢



I. Which of the following is true of the matrix

23,
7 -1 0/

a. It 1s a square matrix.
b. If multiplied by the scalar — 1, the product 1s

-1 -2 -3
—7 I 0/

¢, Itis a3 xX 2 matnx.

, {3 1 4
d. It 1s the sum of and
7 2

0O
-2 1 |
0 1 0/

1. Which of the tollowing is 2A — 4B it A =

6.5/ MATRICES 399

a. The matrices must have the same size.

b. The matrices must be square.

¢. The matnices must both be row vectors or
both be column vectors.

d. One matrix must be a row vector and the
other must be a column vector.

IV. Which of the following would be the entries in
the second column of matnx B, if

j -4 () 0 0 0
+ B = ?
2 g -1 0 0 0

a. —2, —§, 1| b. 4, —8
¢. 2,8, —1 d —48

V. Which of the following must be the second row
of matnx B if 34 — B = 2( for

2 0 O0)and B=(3 1)? ] -1 | | 0O O
a. (—8 —4) A=1]0 () 3jland C=10 1 0
bh. (5 0 1) 4 D () 0 0 1
¢c. (16 —4 )
d. This operation cannot be performed. a. -3 2 6 b. 0 -2 9
. Which of the tollowing is true when finding the c. 3 -1 6 d. 0 2 -9
. difference of two matrices”
In Problems 1-12 perform the indicated computation — | 2 () 2
é |3 -2 0 with A={3 4 5|, B=|3 0 5} and
‘gwiLhA= 2 S|, B= I 4}, and 0 | -] T -6 0
7 -1 2 -7 5 0o 0 2
-1 C=13 |1 0
(=1 4 6 0 -2 4
—7 13. A — 2B 14. 34 - C
L34 2"ATB 1S. A+ B+ C 16. 2A — B+ 2C
JA-C 4. 2C — SA : :
. 17. C—-A -8B 18. 4C — 2B + 3A
> 0B (015 the scalar zero) 6. —7A + 3B 19. Find a matrix D such that A+ B+ C + D 1s the
;' At B: ¢ 13. ¢ *_A 3_ B,) 3 X 3 zero mulri;:.
l: ;ﬁld_a i;:riiCD cuch that 24 + 'B 7_CD 1{, l-;t:-A 20. Find a matrix £ such that 3C — 2B + 8A — 4F

- 3 X 2 zero matnx.
12. Find a matrix £ such that A + 2B - 3C + E 1s
the 3 X 2 zero matrix.

In Problems 13-20 perform the indicated computation

1s the 3 X 3 zero matrix. B

21. Let A = (a;;) be an m X n matrix and let 0
denote the m X n zero matrix. Use appropriate
definitions to show that 0OA =0 and 0 + A = A.
Stmilarly, show that 1A = A.

22. It A = (q,;;). B=(b;;), and C = (¢;;) are m X n
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SELF-QUIZ

I. Which of the following is true of matrix
multiplication of matrices A and B?
a. It can be performed only if A and B are
- square matrices.
b. Each entry ¢;; is the product of a;; and by
c. AB = BA.
d. It can be performed only if the number of

columns of A is equal to the number of rows
of B.

II. Which of the following would be the size of the
product matrix AB when a 2 X 4 matrix A 1s
multiplied by a 4 X 3 matnx B?

a. 2 X3
b. 3 X2
c. 4 X4
d. This product cannot be found.

111.

1V.

Which of the following is true of matrices A and

B if AB 1s a column vector?

a. B i1s a column vector.

b. A 1s a row vector.

c. A and B are square vectors.

d. The number of rows in A must equal the
number of columns 1n B.

Which of the following is true about a product

AB 1f A1s a4 X 5 matrix?

a. B must have 4 rows and the resuit will have
5 columns. |

b. B must have 5 columns and the result will be
a square matrix.

¢. B must have 4 columns and the resuit will
have 5 rows.

d. B must have 5 rows and the result will have -
4 rows.

In Problems 1-15 perform the indicated computation.

(o) GG
O G I G

0 7 l 4
, ( o 41 Y
-2 3
N (1 4 =2 (0 1)
3 0 4/\2 3
I 4 6\/2 -3 3
1 0O 4/\2 3 |
2 -3 5 l 6
10. (l 0 6) -2 3 35
2 3 | I O 4

15.

16.

1 0 0\/3 -2 l
0 1 0O 4 0 6
O 0 1/1\3 | 9
a b c\/1 0 0 l ) 1
d e fllo 1 o _ where a. ). ¢, d. e, |,
g. h. j are real numbers.
g h j/\0 O |
. . a
Find a matrix A = such that

c

(03)-6 )



'17.

18.

19.

Let a;,,-a,>, a>;, and «>> be given real numbers
such that a,a>> — ay>a>; # (0. Find numbers by,
bys, b~;. and b-- such that

) (> b“ bl: . l 0
() (> b_-“ b:: () l '

Verity the associative law for multuplication for
| 2 =1 4
the matrices A = :
l () 6
I () l I 6
B={2 -—I 2]l,and C =} -2 4.
3 =2 () 0 35

As 1in Example 3, suppose that a group of people
have contracted a contagious disease. These
persons have contacts with a second group who

In turn have contacts with a third group. Let A =
| O 1 O

0 1 1 0] represent the contacts between

1 O 0 1

the contagious group and the members of group
2, and let

21.

22,

6 6/ MATRIX PRODUCTS 4090

A company pays its executives a salary and
gives them shares of 1its stock as an annual
bonus. Last year, the president of the company
received $80,000 and 50 shares of stock, each of
the three vice-presidents was paid $45,000 and
20 shares of stock, and the treasurer was paid
$40,000 and 10 shares of stock.

(a) Express the payments to the executives 1n
money and stock by means of a 2 X 3
matrix.

(b) Express the number of executives of each
rank by means of a column vector.

(c¢) Use matnix muluphcation to calculate the
total amount of money and the total number
of shares of stock the company paid these
executives last year.

Sales, unit gross profits, and unit taxes for sales
of a large corporation are given in the table
below. Find a matrix that shows total profits and
taxes 1n each of the four months.

10 1 0 0 23. Let A be a square matrix. Then A is defined
B = 0 0 O 1 0O - o Cadet »  —1)?2
LT o000 stmply as AA. Calculate 1 6/
O 0 1 0 1
| | | =2 4
represent the contacts between groups 2 and 3. 1 . , )
(a) How many people are in each group? 24. Calculate A%, where A =12 0 3
(b) Find the matnx of indirect contacts between l l 5
groups | and 3.
20. Answer the questions of Problem 19 for A = 1 -1 2
25, Calculate A°, where A = .
I 0O 1 1 0O 3 4
and ]
0O 1 O 1 1
1 0O 0 0 0 0 1 26. Calculate A-, A, AY, and A®, where
O 1 O t O 0 0 O 1 0 0
B={1 |t O O 1| 1 | O 0 1| 0
00 0 1 1 0 | 1o o o0
O 1 O 0 0 O 0 O 0 0 0
TABLE FOR PROBLEM 22
Product
Sales of ltem Umt Protnt Unit Taxes
Month i 11 11 [tem (in hundreds ot dollars) (in hundreds of dollars)
January 4 2 20 i 35 1.5
February 6 I Y T 275 2
March 5 3 |2 11 1.5 ).6
April 8 2.5 2(0)
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27. Calculate A-, A', A*. and A®. where

O 1 0 0 0
0O 0 1 0 O
A=10 0 0 | 0O}
O 0 0 0 |1
0O 0 0 0 O

28. An n X n matrix A has the property that AB is
the zero matrix for any n X n matrix B. Prove
that A i1s the zero matrix.

29. A probability matrix is a square matrix having
two properties: (1) every component is
nonnegative (=0) and (/i) the sum of the
elements in each row is 1. The following are
probability matrices:

I T S I
P=1} 4 | and =101 0
0 0 I T

Show that PQ is a probability matrix.

recorded 1n an n X n matrix R as follows:

I 1f the ith player beats the jth player
Ri; =40 1f the ith player loses to the jth player
0 ifi=y

The ith player is then assigned the score

rt ] F A
S = E R+ — Z (R")J.g;"r
j=1 2 j=i

(a) In a tournament between four players

O I 0 0
0 O | |
R = ..
I 0 0 0O
I O 1 O
Rank the players according to their scores.

(b) Interpret the meaning of the score.

34. Let O be the m X n zero matrix and let A be an
n X p matrix. Show that OA = 0,, where O, is

*30. Let P be a probability matrix. Show that P? is a the m X p zero matrix.

probability matrix. 35. Verify the distributive law [equation (5)] for the
**31. Let P and Q be probability matrices of the same matrices
size. Prove that PQ is a probability matrix. | 2 4 2 7
32. Prove formula (4) by using the associative law A= (3 1 0) B=|-1 4
lequation (3)]. 6 0
*33. A round robin tennis tournament can be
organized in the following way. Each of the » -1 2
players plays all the others, and the results are C = 3 7
4 |

ANSWERS TO SELF-QUIZ
I. d 1. a [1l. a IV. d
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In Problems 1-6 write the given system in the form the system represented by the following
AX = b. augmented matrix can be written in the form
. 2x;, — x, =3 Ax = b and solve the system.
4x, + Sx, =17
2. x; — x5+ 3y =1 2 0 013
dx, + x;— 3= —4 U 4 015
2%, — x5 + 3x3 = 10 O 0 =512
3. 3 + 60— T3 =0 In Problems 17-22 find all solutions to the given nonho-
2xp = Na ot = mogeneous system by first finding one solution (if pos-
4. 4y —nt o= T sible) and then finding all solutions to the associated
3x; +v5— Sx; + 60, = 8 homogeneous system.
vy — = 9 17. X — 3x; =2
S SR —2x; + 6x, = —4
2':_' ' o _ _i 8. vy— x+ x3=6
] " 3y — 3vy, + 343 = 18
6. 2v;+3xs— x3=0 '
___4.1.1 + 2.1.2 + Yy = O 19. Xt — Xo— X\N3 = 2
Tx; + 3xvs — 9vy = () 2+ xpt+ 2y =4
X —4x, — Syy =2
In Problems 7—15 write out the system of equations rep- 20. vi— xx— =2
resented by the given augmented matrix 2y + xpt+ 2v,=4
! | —] 7 Xy —4x, — Sxvy =3
7. |4 -1 5 4 1. 8. (0 | 2) 2. xy+ xp = xy+ 2x =3
6 l 3 | 20 0] 3 vy + 20, vy — a3 =5
22. Xj— X+ x3— ay=—2
R L I —2¢; + 3y, — X3+ 20, =15
9. { -3 4 0| 3 10. [0 4 1|3 4y, — 20, + 2x4 — 3xy = 6
O 5 615 0 0 00 23. Consider the linear, homogeneous second-order
1 0 0 0 2 , ; 1o differential equation
TH AR 3 2. la =1 slo VI(x) + a(o)y'(x) + bo)vx) =0 @)
0010 =S 3 6 —-710 where a(x) and H(x) are continuous and the
00 0 | 6 unknown function y 1s assumed to have a second
6 2 1} 2 11 s | e denvative. Show that if v, and v, are solutions
13.t =2 3 1] 4 14 ( ) to (7), then ¢, v, + ¢>v> 1s a solution for any
00 02 2 3 214 constants ¢; and c¢,.
24. Suppose that v, and v, are solutions to the
T2 nonhomogeneous equation
1. |3 1| 2 ) |
6 9|1 Vi(x) + a(x)y(x) + D(x)v(x) = f(x) (8)
16. Find a matrix A and vectors x and b such that Show that y, — v, 1s a solution to (7).

ANSWER TO SELF-QUIZ
I. d
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In Problems [-15 determine whether the given matrix is
invertible. If 1t 1s, calculate the inverse.

11.

13.

14.

15.

16.

7.

18.

19.

*21.

*22.

,"'—_—\\/"—_-—":*\,f"'_—__“"\

Show that it A, B, and C are invertible matrices.
then ABC is invertible and (ABC) ™! =

C'B 1A~

It A,. A,
show that AA, .
calculate 1ts mnverse.

A,, are tnvertible n X n matrices,
. A,, 18 Invertible and

) 1$ equal

qqqqq

Show that the matrix ( .

tO 1ts own mverse.

Show that the matrix A =

P

equal to its own inverse |
— > and (1>

CHAPTER 6/ SYSTEMS OF LINEAR EQUATIONS AND MATRICES

20. Find the output vector x in the Leontief input-

30
output model 1f n = 3, e = 20}, and
4()
S
A=[%¢ £ 3|
S

Suppose that A 1s n X m and B 1s m X n so that
AB 1s n X n. Show that AB 1s not invertible if
n>m. [Hint: Show that there 1s a nonzero
vector x such that ABx = 0 and then apply
Theorem 6.]

Use the methods of this section to find the
inverses of the following matrices with complex
entries:

) i 2
T\l =i

0 I+: I —1

. Show that for every real number @ the matnx

sin@ cos@ O

cos @ —sin@ O] is invertible and find its

() 0O l
inverse.
2 0 0
. Calculate the inverse of A=10 3 0.
0 0 4

. A square matrix A = (a;;) 1s called diagonal if

all 1ts elements off the main diagonal are zero.
Thats, a; = 01f i # j. (The matrix of Problem
24 1s diagonal.) Show that a diagonal matrix is
ivertible if and only 1f each of its diagonal
components 1S nONzero.

. Let
ay 0 0
A = (:) (:?3 (:)
#, o --- a,,,

be a diagonal matrix such that each of its
diagonal components is nonzero. Calculate A~



27.

28.

29.

30.

In Problems 31 and 32 a matrix is given. In each case
show that the matrix is not invertible by finding a non-

2 | -1
Calculate the inverse ot A =10 3 4
() () 5
I O O
Show that the matrix A ={ =2 0 01} is not
4 6 |
invertible.
A square matnx 1s called upper (lower)

triangular 1f all its elements below (above) the
main diagonal are zero. (The matrix of Problem
27 1s upper triangular and the matrix of Problem
28 1s lower triangular.) Show that an upper or
lower triangular matrix is invertible if and only
If each of its diagonal elements is nonzero.
Show that the inverse of an invertible upper
tnangular matrix 1s upper triangular. [Hint: First
prove the result tor a 3 X 3 matrix.]

zero vector x such that Ax = §).

31

32.

33. A factory for the construction of quality furniture

H.

2 -1
—4 2

P —1 3
0 4 =2
2 —6 8

has two divisions: a machine shop where the
parts of the furniture are fabricated, and an
assembly and fimishing division where the parts
are put together into the finished product.
Suppose that there are 12 employees in the
machine shop and 20 in the assembly and
fimshing division and that each employee works
an 8-hour day. Suppose further that the factory
produces only two products: chairs and tables. A
chair requires 4% hours of machine shop time
and 7 hours of assembly and finishing time. A
table requires 5% hours of machine shop time
and %% hours of assembly and finishing time.
Assuming that there 1s an unhimited demand for
these products and that the manufacturer wishes
to keep all employees busy, how many chairs
and how many tables can this factory produce
each day?

A witch’s magic cupboard contains 10 ounces of

© 8/ THE INVERSE OF A SQUARE MATRIX

3S.

36.

431

ground four-leat clovers and 14 ounces of
powdered mandrake root. The cupboard will
replenish iself automatically provided she uses
up exactly all her supplies. A batch of love
potion requires 3,4 ounces of ground four-leaf
clovers and 2% ounces of powdered mandrake
root. One recipe of a well-known (10 witches)
cure tor the common cold requires 5% ounces of
four-leat clovers and 1013 ounces of mandrake
root. How much of the love potion and the cold
remedy should the witch make in order to use up
the supply in the cupboard exactly?

A farmer feeds his cattle a mixture of two types
of feed. One standard unit of type A feed
supphes a steer with 10% of its minimum daily
requirement of protein and 15% of its
requirement of carbohydrates. Type B feed
contains 12% of the requirement of protein and
8% of the requirement of carbohydrates in a
standard unit. It the farmer wishes to feed his
cattle exactly 100% ot their minimum daily
requirement of protein and carbohydrates, how
many units of each type of teed should he give a
steer each day’!

A much simphtied version of an input-output
table for the 19358 Israeli economy divides that
cconomy into three sectors—agriculture,
manutacturing, and energy—with the following
result.’

Agrniculture  Manufacturing  Energy
Agrniculture ().293 () ()
Manufacturing 0.014 (.27 ().017
Energy 0.044 ().O10 ).216

a. How many units of agricultural production
are required to produce one unit of
agricultural output?

b. How many unmts of agricultural production
are required to produce 200,000 units of
agricultural output?

¢. How many units of agricultural product go
into the production of 50,000 units of energy?

d. How many units of energy go into the
production of 50,000 units of agricultural
products?

“Wassily Leonnet, Iupua-Oupuat Economicy (New York: Oxtord Unnersity Press, 1966). S4-57.



